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Introduction

> Invariant verification problem / Safety verification problem:

> Deciding whether a given set of states x; is reachable for system A

» Testing can partially answer such verification problem

> Generate finite number of executions of A from R,

R{) o’

> Check whether these executions reach Xf

|

> Xr represents an undesirable/bad behavior of the system - debug the system design.

> Finite tests do not touch unsafe states =» can’t say for sure the system is safe because A has infinite many executions.

> Alternative =2 Reachability Analysis
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Introduction

Typical problem in reachability analysis = State Space Explosion

Dimension of the system
Time horizon

Degree of uncertainty in the model
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Focus on specific classes of Hybrid Automata for which safety properties (invariants) can be verified completely

automatically
Timed Automata
Rational time automata

Multi-rate automata

» Rectangular Initialized HA
» Rectangular HA

» Linear HA

» Nonlinear HA



Integral Timed Automata

Definition. integral timed automaton is a
HIOA A =(V,0,A,D,T) where
V =X U {l}, where X is a set of n clocks and [ is a
discrete state variable of finite type L
Ais a finite set

D is a set of transitions such that
The guards are described by clock constraings ®(X)
(x,1) —a - (x',l') implies either x’ = xorx =0

T set of clock trajectories for the clock variables in X
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Example: Light Switch

Description

Switch can be turned on whenever at least 2 time
units have elapsed since the last turn on. Switches
off automatically 15 time units after the last on.

push: 2 > 2:0:=y:=0
_//""' H"““\y -
off on "'|
y <15
N - \ /

pop:y=15;2:=0
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Given an ITA A, check if a particular (discrete) control state is reachable from the initial

states

The theory of timed automata
R Alur, D Dill - Real-Time: Theory in Practice: REX Workshop Mook ..., 1992 - Springer

Th |S problem |S deC|da ble [Al ur D|| I] ... words -- strings in which a real-valued time of occurrence is associated with each symbol.

We study timed automata from the perspective of formal language theory: we consider closure ...
77 Save DY Cite Cited by 345 Related articles All 9 versions Web of Science: 55 99

Key idea:
— Construct a finite automaton B that is a time-abstract bisimilar to the ITA B(behaves identically with
respect to control state reachability)

— That s, Finite Automaton B behaves identically to ITA A w.r.t. control state reachability, but does not
preserve timing information.

— Check reachability of FSM B using graph search techniques



Rational Timed Automata

Definition. A rational timed automaton
saHAA=(V,0,4,D,T) where
V =X U {loc}, where X is a set of n clocks and [
is a discrete state variable of finite type L
Ais a finite set

D is a set of transitions such that

The guards are described by rational clock
constraings ®(X)

(x,1) —a - (x',l'") implies either x’ = xorx =0
T set of clock trajectories for the clock variables
in X

Example: Light Switch

Description
Switch can be turned on whenever at least 2.25
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time units have elapsed since the last turn off or on.

Switches off automatically 15.5 time units after the
last on.

push:x >2.25:x:=y:=0
T
P ~ %
N
off on
y <155
\H\ o~ \\\_ ,. A
h . push:x >225:2:=0



Multi-Rate Automaton

Definition. A multi-rate automatonis A =(V,0Q0,0,A4,D,T)

where

V = X U {loc}, where X is a set of n continuous variables and loc is

a discrete state variable of finite type L
A is a finite set of actions
D is a set of transitions such that

The guards are described by rational clock constraings ®(X)
(x,1) —a - (x',l') implies either x' = corx' = x

T set of trajectories such that

for each variable x € X 3k such that t € T,t € T.dom
(). x=71(0).x+kt

| = off
Y=k, z=ky
stop when

y=2c+u

switch en

y=ecnyi=0z:=10

switch off

zZeooiyi=0z:=10

{ =on

y=ki,z=hg
stop when

220041
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Definition. An rectangular hybrid automaton (RHA)isaHA A = (V, A4,
T,D) where

V = X U{loc}, where X is a set of n continuous variables and loc
is a discrete state variable of finite type L

A is a finite set Generalizes multi-rate automata by allowing
T =U, 7, set of trajectories for X nondeterministic trajectories and resets.

Foreach t € 7, x € X either (i) d(x) = k, or (ii) d(x) € [kp1, ks, ]
Equivalently, (i) T(t)[x = 7(0)[x + k,t
(i) T(0)[x + kpit < T(t)[x < T(0)[x + kpot
D is a set of transitions such that

Guards are described by rational clock constraings

(x, 1) =>4 (x', ") implies x" = x orx" € [cq, ¢5]
Given an RHA, check if a particular location is reachable from the initial
states?

Is this problem decidable? No

[Henz95] Thomas Henzinger, Peter Kopke, Anuj Puri, and Pravin Varaiya.
What's Decidable About Hybrid Automata?. Journal of Computer and
System Sciences, pages 373—-382. ACM Press, 1995.



http://engr-courses.engr.illinois.edu/ece584/papers/henz_whats.pdf
http://engr-courses.engr.illinois.edu/ece584/papers/henz_whats.pdf
http://engr-courses.engr.illinois.edu/ece584/papers/henz_whats.pdf
http://engr-courses.engr.illinois.edu/ece584/papers/henz_whats.pdf
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Definition. An initialized rectangular hybrid automaton (IRHA) is a RHA A where

V =X U{loc}, where X is a set of n continuous variables and {loc} is a discrete state variable
of finite type L

Ais a finite set The continuous variables are forced to be

T =U, T, set of trajectories for X initialized every time their dynamics changes

Foreach t € 7, x € X either (i) d(x) = k, or (ii) d(x) € [kpq, k|
Equivalently, (i) t(t)[x = t(0)[x + k,t
(i) T(0)[x + kpit < T(t)[x < T(0)[x + kpot
D is a set of transitions such that
Guards are described by rational clock constraings
(x, 1) =4 (x', ") implies if dynamics changes from ¢ to ¢’ then x’ € [c{, c,], otherwise x' = x

For initialized Rectangular HA, control state reachability is decidable

Can we drop the initialization restriction?
No, problem becomes undecidable
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Data Structures for
Reachability Analysis



Common Data Structures for RA

v

Hyperrectangles

Polyhedra [Halbwachs et al. 1994]

Zonotopes [Girard 2005]

Ellipsoids [Kurzhanskiy 2001]

» Support functions [Guernic et al. 2009]

» Generalized star set [Duggirala and Viswanathan 2018]

v

v

v
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Hyper-rectangles

> A hyperrectangle is the n-dimensional generalization of an interval [a,b].

g11

911, g12]]

g12

1911, g12]] @ [[921, g22]]
= |lg11 + 912, 921 + g22]]

911, g12]] @ [[t-91, t.92]]
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Polytopes

> Generalize hyperrectangles by representing sets as intersections of arbitrary —

not necessarily orthogonal — half-spaces.

4, 6]]

g1, .-

7916]]

Hf(gla t)? .
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Zonotopes

> A zonotope is specified by a center, and a collection of generator vectors.
» Each vector defines a line segment centered at the center.

-
e

/

e, (915 92)]] e, (91, 92)]] @ [[e2, (91, 95)]] [[Act, (Agi, Aga)]]
= [le1 + ¢2, (91,91, 92, 95)]]
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Ellipsoids

» Ellipsoids generalize spheres in R™.

> It is defined by a center c € R™ and a shape matric Q € R™"

[Cl )

[c1, Q1]]

027 Q2

03, Qs

[Acr, AQAT]
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Thank You!!!
Q&A
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